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FBMA of Naive Bayes for Clustering

* Full Bayesian Model Averaging (FBMA):
p(e.x|D) = Z p(S|D) /p(c,m|S, 0)p(6]S. D)d6

* Complete Data:

Dash and Cooper (2002) obtain a closed form to calculate a FBMA with

supervised naive Bayes classifiers

* Incomplete Data:
No exact computation of FBMA is possible

We propose an approximation of FBMA with naive Bayes for clustering
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FBMA of Naive Bayes for Clustering

@ Na'I'Ve BayeS: every predictive variable is conditional independent given
C

» Selective naive BayeS: every predictive variable can be

independent or dependent on C

C C C C

®
& R KR

X1 X2 X1 2 X1 X2

All selective naive Bayes structures with two predictive variables
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FBMA of Naive Bayes for Clustering

* FBMA = averaging over MAP parameter
configurations for all selective naive Bayes structures

* Approximation to FBMA computed in the same time
complexity required to learn MAP parameters:

Expectation and Model Averaging (EMA) algorithm allows to deal with
missing data

Dash and Cooper (2002) formula is extended to clustering

* A unigue naive Bayes for clustering is obtained
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FBMA of Naive Bayes for Clustering

Assumptions
1. Multinomial variables: X; = {z},...,z;*} withi =1,...,n and
C={ct,...,cc}
2. Complete dataset except for the latent cluster variable (C)

3. Dirichlet priors over parameters
Oijr ~ D(vijk)

4. Parameter independence when the dataset is complete

p(8]S) = ¢ H H p(0:;]S)

1=175=1
5. Structure modularity

p(S) o< ps(C) | | ps(Xi, Pay)

=1
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FBMA of Naive Bayes for Clustering

EMA algorithm

* Adaptation of the EM algorithm (Dempster et al. 1979)
* Random initialization of the parameters
* Solution calculated iteratively in two steps:

* Expectation
* Model Averaging

* EMA is a greedy algorithm
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FBMA of Naive Bayes for Clustering

EMA algorithm. E step

- The same E step as the one from EM

algorithm
- The dataset, D, Is ‘completed’ obtaining
DCE
N .
E(Nijr|0s,5) =Y p(d|&", 2}, 05, 5)
[=1

* F(N;ix|0s,S) is considered as actual N,y
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FBMA of Naive Bayes for Clustering

® Model

¢ Data Set

EMA algorithm. Example of E step

1
2
3
4
5

Oc_1 =04

0100 = 0,27

00 = 0,70

0300 = 0,95

100 = 0,30
X1 Xo | X3 | Xy | C
I1y1]0 ] 1]7
O(1[0 0|7
10| 107
111017
OO0 1017

f110 = 0,80
0910 = 0,10
f310 = 0,20
O.110 = 0,70
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FBMA of Naive Bayes for Clustering

® Model

¢ Data Set

EMA algorithm. Example of E step

X1 | Xo | X3 Xy
Co | C4
111 0 1]085]015
2,01 11107 0(0,13]0,87
3010010033067
41 1 1 1] 0 0,02]0,95
500010 |004]0096

o1 = 0,4
f100 = 0,27
6200 = 0,70
0100 = 0,30
No_o = 1,37
Nigo = 0,17
Nio = 1,83
Ny = 3,48

f110 = 0,80
0910 = 0,10
f310 = 0,20
O.110 = 0,70

Neoq = 3,63
NlOl = 172
N =18

Nyp = 0,15
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FBMA of Naive Bayes for Clustering

EMA algorithm. MA step

¢ MAP approximation for averaging over parameters (Heckerman, 1995)

/p(cj,az\s, 0)p(6|S, DCE)dO ~ 05 H %k

¢ FBMA approximation at each iteration:

p(c?, 2|DCP) = Z/p(cj,wIS,9)p(9|5,DcE)d9p(S|DCE)

~ kY 602, HO,LJkp(DCE|S)p(S)
S

¢ Given assumptions (3) and (4) we can compute p(DCE|S) (Cooper and
Heskovits, 1992):

Ch & I'(cij) I'(aijr + E(Nijr |0, 5))
PIDTEI) = 7,11)31_[1 [(aij + E(Nis]0,5)) (- H Iijk)

being, in this case, X the cluster variable, C

Full Bavesian Model Averaaina of Naive Baves for Clusterina— p. 10/2



FBMA of Naive Bayes for Clustering

¢ Given assumption (5):
p(c?,x|DE) ~ kY g p?}_j [Ty Pz'Sjk

S _ ;s b\ T (o) ri  T(oijp+E(Ni;100),9))
Pijk = eijk; pS(X’MPa’L) Hj:l F(aij‘f‘E(]ifijle(t) Hk:1 : F(aijjk)

(1)
S _§s O I'(ac) rc Dlac—j+E(Nc—;10'",S5))
PC—; C—j pS( >F(ozC—I—E(NC|9(t),S)) HJ=1 I'(lac—j)
® If we expand the summation of structures:
p(c), @|DEP)  ~ K ‘
PC—j Pl1—k P2—k --- Pn—k
+  pPC—j Pljk P2—k --- Pn—k 2™ terms
+  pc—j Pijk P2k --- Pnjk) )
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FBMA of Naive Bayes for Clustering

® 27" denotes the sum of the product up to m — th variable:

NI = po—j piok Pe—k - Pm—k
+  pPCc—j Pljk P2—k -+ Pm—k
+  pC—j P1jk P2jk --- Pmjk

¢ Thus, Z;Zk can be written as a recurrence relationship:

X0 =310 (piek +pijr), Ty = pc—j
® Then, p(c?, 2| DCE) can be approximated by a closed form

n
p(¢?,®| DB ~ kp,; H(Pz‘—k + pijk)
i=1

@ Parameters for the model in current iteration of the EMA:

zjk; X (pz k +ngk)
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FBMA of Naive Bayes for Clustering

Empirical Testing
® Empirical evidence of the approximation is close to FBMA

® Model learned with EMA algorithnm, Prsa

® Brute force model, Pgr:
ple.zlD) = Y [ plc,/S,0)p(61S. D)6 p(DIS)P(S)
S

® Averaging over parameters ~ MAP (EM)
* P(D|S) =~ Candidate method (Chickering et al., 1997)
® Averaging over structures: Brute force

* Distance between models: Dg 1 (Pgr, Penra)

® Distances between Pgr and 10000 random naive Bayes models
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FBMA of Naive Bayes for Clustering

Empirical Testing

Test 4
400

KL(PBF’PEMA)
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Number of random models with the same DKL

501
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Kullback Leibler divergence value

Test for a model with 6 predictive variables
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FBMA of Naive Bayes for Clustering

Empirical Testing

Test || Dxr(Pr,Peyma) | Dxr(Par, Pso)
1 1,15495 0,97264
2 0,55039 0,98286
3 0,41811 0,67852
4 0,56426 0,69513
5 0,33207 0,90145
6 0,42465 0,88862
7 0,40876 1,07019
8 0,45795 1,06288
9 0,24308 0,76765

10 0,13184 1,74327

10 independent tests for models with 6 predictive variables
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FBMA of Naive Bayes for Clustering

Model Detection

» Test If the EMA model detects the real model
structure

» Set a selective naive Bayes model
- Sample a data set
- Learn an EMA model from the data set

110, 1|10
Sampling Y EMA
X)) T ——= T v o] = X (X
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FBMA of Naive Bayes for Clustering

® Measure of independence for X; in the EMA model

2205 Drn(p(Xa), p(Xi[e))

_ _ the better is the MAP approx.
® The biggeris N —

the better is the EMA approx.

* Example of model detection

g1 =104

X ® x ® (%

#1117 = 0.60 211 = 0.70 @211 = 0.95 fa_1 = 0.80 51:0.20 f_1 = 0.45
B171 = 0.80 1 = 0.30 B = 0.40 Bz91 = 0.50
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FBMA of Naive Bayes for Clustering

0.4

—— Variable dependent of C
- - - Variable independent of C

0.35

0.3

0.25

X)

pEMA

0.2

valuefor |

0.15

0.1r

0.05-

Number of samplesin the data set

Test for model detection with 6 predictive variables (X4 and Xg independent of C)
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FBMA of Naive Bayes for Clustering

Conclusions

® Empirical test = Pg 4 good approximation to FBMA

® Approximate a FBMA with EMA is not much expensive than a
classical MAP approach with EM

®* EMA is able to detect independencies between variables:

EMA can be used for FSS
®* EMA can be extended in order to deal with incomplete data.

®* EMA can be extended to more complicated model (TAN)
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FBMA of Naive Bayes for Clustering
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