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Abstract

This paper introduces a process for estimating the distribution of a sum of independent
and identically distributed log-normal random variables (RVs). The procedure involves
using the Fenton-Wilkinson method to estimate the parameters for a single log-normal
distribution that approximates the sum of log-normal RVs. Once these parameters are
determined, a mixture of truncated exponentials (MTE) function is determined to approximate this distribution. The MTE parameters are stated as polynomial functions of the
log-normal scale parameter. Applications to inventory management are presented that
demonstrate the usefulness of the MTE approximation.

1

Introduction

Finding the probability density function (PDF)
for a sum of log-normally distributed random
variables (RVs) is an important problem in business and telecommunications (Beaulieu et al.,
1995). This paper proposes a tractable approximation to the PDF for a sum of log-normal RVs
that can be utilized in Bayesian networks (BNs)
and inﬂuence diagrams (IDs).
Consider the following business application in
inventory management. Suppose the independent and identically distributed (i.i.d.) values of
customer demand for a business, X , in each period  = 1, . . . , L, are log-normally distributed,
2 ). This means that toi.e. X ∼ LN (μX , σX

tal customer demand over the L periods, X, is
determined as the following sum of i.i.d. RVs:
X = X1 + X2 + X3 + . . . + XL .

(1)

The value L represents the ﬁxed lead time between the placement and arrival of an inventory
order. The business needs to establish order
quantity and reorder point policies that minimize inventory costs. Finding a tractable approximation to the distribution for X is important to solving this problem.
Fenton (1960) and Schwartz and Yeh (1982)
estimate the PDF for a sum of log-normal RVs

using another log-normal PDF with the same
mean and variance. The Fenton approximation
(sometimes referred to as the Fenton-Wilkinson
(FW) method) is simpler to apply, and for a
wide range of log-normal parameters has been
shown to be reasonably accurate in comparison
to the Schwartz-Yeh (SY) method (Beaulieu et
al., 1995).
While the FW method produces a PDF that
in some cases is a good approximation to the
PDF for a sum of log-normals, this still does
not result in a tractable representation that can
be incorporated in BNs and IDs. This is because such models require a functional form
that can be combined with other functions, then
integrated in closed-form. This paper introduces a new mixtures of truncated exponentials (MTE) approximation to the log-normal
PDF. MTE functions were introduced by Moral
et al. (2001) to facilitate closed-form mathematical calculations in BNs.
One technique (Cobb et al., 2006) suggested
for approximating a log-normal PDF with an
MTE function requires a nonlinear optimization
problem to be solved for each possible combination of μ and σ 2 . In this paper, an approximation is introduced that calculates the MTE
parameters as polynomial functions of only the
scale parameter, σ, for a range of values needed
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to model the inventory application. This reduces the number of tabular inputs required
to eﬃciently incorporate the FW method into
an inventory management system using BNs or
IDs.
The next section gives deﬁnitions and notation. Section 3 describes the MTE approximation. Section 4 applies the MTE approximation
to inventory management examples and compares the results to those obtained with other
techniques. The ﬁnal section summarizes and
gives suggestions for future research.

approximate log-normal PDFs in the BN or ID
with MTE potentials.
MTE Potential (Moral et al., 2001). Let
X be a continuous chance variable. Given a
partition Ω1 , . . ., Ωn that divides ΩX into hypercubes, an n-piece, m-term MTE potential
φ : ΩX → R+ has components
φh (x) = a1h +

m


a2i,h exp (a2i+1,h · x)

i=1

Variables in this paper will be denoted by capital letters, e.g., X, Y , Z, with speciﬁc values
shown in lower-case, e.g., x, y, z. The state
space of X is denoted by ΩX . The expressions
exp (x) and ex are used interchangeably.

for h = 1, . . ., n, where ajh , j = 1, . . ., 2m+1 are
real numbers. Thus, an n-piece, m-term MTE
potential requires 2mn + n parameters.
MTE potentials can approximate both PDFs
and utility functions. The optimization procedures outlined by Cobb et al. (2006) and
Langseth et al. (2012) can be used to determine the parameters (the values ajh ) required
to approximate PDFs with MTEs.

2.1

2.3

2

Definitions

Log-normal Distribution

A RV X is log-normal, i.e. X ∼ LN (μ, σ 2), if
and only if ln (X) ∼ N (μ, σ 2). A log-normal RV
has the PDF


1
−(ln x − μ)2
exp
, x>0 ,
fX (x) = √
2σ 2
x 2πσ 2
for any σ 2 > 0. The expected value of X is
2
) and
E(X) = exp (μ
 the variance of X
 + 0.5σ
2
is V ar(X) = exp (σ ) − 1 exp (2μ + σ 2 ) .
The mode of fX (x) is m = exp μ − σ 2 and
the inﬂection pointsto the right and left of the

√
mode are d± = exp 12 (2μ − 3σ 2 ± σ 4 + σ 2 ) .
If X ∼ LN (μ, σ 2), then aX ∼ LN (μ +
ln (a), σ 2 ) where a > 0. Conveniently, then, we
can ﬁnd a PDF for a X ∼ LN (μ, σ 2) as a convolution of Y ∼ LN (0, σ 2) as follows:

Consider the sum of L i.i.d. log-normal
RVs, X, as speciﬁed
in (1) where each X ∼

2
LN μX , σX with the expected value and
variance described in Section 2.1. The expected
value and variance of X are E(X) = L · E(X)
and V ar(X) = L · V ar(X ). The FW approximation is a log-normal PDF with parame2 such that exp (μ + 0.5σ 2 ) =
ters μX and σX
X
X
L · E(X) and


2
2
) − 1 · exp (2μX + σX
) = L · V ar(X) .
exp (σX
2
gives
Solving for μX and σX



2
2
= ln (exp (σX
) − 1)/L + 1
σX


Mixtures of Truncated
Exponentials

The functional form of the log-normal PDF does
not permit integration in closed-form. This
makes this PDF diﬃcult to incorporate into
BNs and IDs. One approach that can allow lognormal RVs to be included in these models is to

(3)

and

fX (x) = (1/ exp (μ)) · fY ((1/ exp (μ)) · x) (2)
2.2

Fenton-Wilkinson (FW)
Approximation

2
2
− σX
) . (4)
μX = ln (L · exp (μX )) + 0.5(σX


Example 1. Suppose X ,  = 1, . . . , 5 are distributed as X ∼ LN (0.69, 1.072). The sum,
X, of these i.i.d. RVs has expected value
E(X) = 5 · exp (0.694 + 0.5 · 1.0742) = 17.8
and V ar(X) = 5 · V ar(X ) = 137.5. Applying the FW approximation entails using the
LN (2.7, 0.62) distribution as an estimated PDF

68

PGM’12: Approximating the distribution of a sum of log-normal random variables

for X. Note that this distribution has an expected value of exp (2.7 + 0.5 · 0.62) = 17.8 and
2
2
a variance of (e0.6 − 1)(e2·2.7e0.6 ) = 137.5 .

3

MTE Approximation to the
Log-normal Distribution

This section describes some enhancements to
the MTE approximation to the log-normal PDF
detailed by Cobb et al. (2006). Speciﬁcally, the
previous model required the MTE parameters
ajh to be determined for each combination of μ
and σ 2 . However, by applying the convolution
in (2), we only need to estimate an MTE density
function for each value of σ.
2 will be smaller than
Note from (3) that σX
2
σX and will decrease as L increases. For in2 = 2, σ 2 < 1 if L ≥ 4. The FW
stance, for σX
X

approximation has been shown to be adequate
2 < 2 (Beaulieu et al., 1995). Additionwhen σX

ally, for inventory management problems, such
as the one mentioned earlier, Das (1983) has ob2
< 1 normally holds. Thus, foserved that σX
cusing on a range for σX in the interval [0.05, 1]
will be adequate for the problems in Section 4.
3.1

Regions for σ and Domain Splits

Four regions for the log-normal parameter σ are
established as: R1 : [0.05, 0.1), R2 : [0.1, 0.2),
R3 : [0.2, 0.63), and R4 : [0.63, 1]. The values
σ = 0.1 and σ = 0.2 are chosen because the
shape of the log-normal PDF changes rapidly
for σ values near zero. The value σ = 0.63 is
chosen as the value to divide R3 and R4 because
it is the point where d− ≈ exp (−2σ), thus this
value determines the domains of two pieces of
the MTE potential, as shown below.
Suppose we have a RV Y ∼ LN (0, σ 2). We
will use a 5-piece, 2-term MTE approximation
to the PDF for Y . The domains of the ﬁve
pieces are determined using:
y1 : Max{d− , exp (−2σ)}
y0 : exp (−3σ)
y2 : m = exp (−σ 2 ) y3 : d+
y4 : exp (σ)
y5 : exp (3σ)
3.2

MTE Specification

(u)
fˆ⎧
Y (y) =
â1h (σ)+
⎪
⎪
⎪
2
⎨ 
â2i,h (σ) exp(â2i+1,h (σ)(y − m(σ)))
⎪
⎪
i=1
⎪
⎩
if yh−1 ≤ y < yh

(5)
for h = 1, . . ., 5. All functions are assumed
to equal zero in undeﬁned regions. By adding
pieces, or by ﬁtting more terms in the ﬁrst
and ﬁfth pieces, the domain of the MTE function could be extended, at the expense of additional computational burden in making calculations with the resulting distribution (Cobb et
al., 2006; Romero et al., 2006). Any selection
of number of pieces and terms in an MTE function involves some trade-oﬀ between accuracy
and computational burden.
3.3

Functional Representation of MTE
Parameters

To reduce the tabular inputs required to completely deﬁne the family of MTE approximations to the LN (0, σ 2) PDFs, we use approximate parameters âjh . These parameters are
determined using the polynomial functions
âjh (σ) =

5

k=1

(r)

ĉkjh σ k−1

(6)

for h = 1, . . . , 5 and r = 1, . . ., 4. The value of
r is determined according to the region – R1 ,
R2 , R3 , or R4 – where σ is located. Thus, to
deﬁne the parameters for a 5-piece, 2-term MTE
distribution where σ is located in any of these
four regions requires a table of 4 · 5 · (2 · 2 · 5 + 5)
(r)
= 500 constants, ĉkjh .
(r)

To estimate the constants ĉkjh , we use the
Cobb et al. (2006) nonlinear optimization procedure to ﬁnd the “exact” MTE parameters ajh
for 0.05 ≤ σ ≤ 1 in increments of 0.01 for σ.
Linear regression is then used to estimate the
model in (6). As an example, Figure 1 shows a
plot of the actual MTE parameter a24 for values
0.63 ≤ σ ≤ 1, as determined using the nonlinear
optimization procedure. The equation

The un-normalized 5-piece, 2-term MTE approximation to the LN (0, σ 2) PDF is

â24 (σ) = 101.8201 − 2.5357σ
+3.2139σ 2 − 1.9887σ 3 + 0.5033σ 4
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5. Use the convolution operation in (2) to create the normalized PDF fˆX (x) for X.

Figure 1: Plots of a24 (dots) and â24 (line).
is estimated using least squares regression and
can be used to ﬁnd one of the MTE parameters
required to approximate any log-normal PDF
with σ ∈ R4 . This equation ﬁts the actual data
(R2 = 1 to four decimal places) very closely and
is represented by the curve connecting the dots
in Figure 1.
(r)
Once the constants ĉkjh are stored, no further
use of the nonlinear optimization procedure is
required and a log-normal PDF with any μ value
and any σ ∈ [0.05, 1] can be approximated.
3.4

Example 2. Continuing from Example 1,
to construct an MTE approximation to the
LN (2.7, 0.62) PDF for X, we ﬁrst need to build
the MTE approximation to the LN (0, 0.62)
(3)
PDF. Table 1 shows the constants ckj1 needed
to determine the parameters for the ﬁrst (of
ﬁve) pieces of this MTE potential. The second
row shows σ k−1 , k = 1, . . . , 5, while the other
rows show the constants need to calculate each
of the ﬁve parameters âj1 . These parameters are
calculated in the last column as the sumproduct
of the σ k−1 row and the corresponding row of
(3)
ĉkj1 ’s.
The un-normalized MTE approximation to the
LN (0, 0.62) (with mode m = 0.698) PDF is
ˆ(u) (y) =
f⎧
Y
⎪
−0.098 + 87.823e10.208(y−m)
⎪
⎪
⎪
⎪
−113.664e11.609(y−m)
0.165 ≤ y ≤ 0.311
⎪
⎪
⎪
−0.760(y−m)
⎪
−8.727
−
100.994e
⎪
⎨
+110.515e−0.694(y−m) 0.311 ≤ y ≤ 0.698
⎪
.
⎪
⎪ ..
⎪
⎪
⎪
⎪
⎪ 0.001 − 93.350e−1.749(y−m)
⎪
⎪
⎩ +94.235e−1.744(y−m)
1.822 ≤ y ≤ 6.050 .

Summarized MTE Approximation
Process

Ultimately, we want to approximate the distribution for X = X1 + · · · XL where X ,  =
2 ) RVs. Given
1, . . . , L are i.i.d. LN (μX , σX

the formulation we have described for approximating the LN (0, σ 2) PDF, the process can be
summarized as follows:
2 and μ
1. Calculate the FW parameters σX
X
from expressions (3) and (4).

2. Calculate the MTE parameters âjh (σX ) using equation (6).
3. Construct an un-normalized version,
(u)
fˆY (y), of the MTE approximation to the
2
)
PDF for a RV Y that has the LN (0, σX
distribution using (5). Although the “exact” parameters ajh (σ) were determined
for a PDF that integrated to 1, because the
âjh (σ) are approximate parameters, the
result of expression (5) is not guaranteed
to integrate to 1.
4. Normalize the PDF for Y by calculating
∞
(u)
kY = −∞ fˆY (y) dy and ﬁnding fˆY (y) =
(u)
k−1 · fˆ (y).
Y

Y

The normalization constant kY is 0.971844, so
the normalized MTE distribution is fˆY (y) =
(u)
fˆY (y)/0.971844 . The MTE approximation to
the LN (2.7, 0.62) PDF for X is
fˆX (x) = (1/14.8797) · fˆY ((1/14.8797) · x) .
The result is shown in Figure 2 overlaid on the
actual LN (2.7, 0.62) PDF along with two other
distributions used in Section 4 (it is the distribution with the second highest mode).

4

Inventory Management Examples

In this section we consider the problem of establishing a (Q, R) policy in a continuous review
inventory system. In this model, Q is the order
quantity and R is the inventory level when an
order is placed, or reorder point. The expected
cost function (Hadley and Whitin, 1963) is
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Table 1: Calculation of parameters for an MTE distribution approximating the LN (0, 0.62) PDF.
k
σk−1
(3)
ĉk11

5
0.1296
-12.8729

4
0.216
19.2704

3
0.36
-10.3045

2
0.6
2.2788

1
1.0000
-0.2493

âj1
-0.098

ĉk21

(3)

218.6796

-378.9597

241.8550

-68.0000

95.0700

87.823

(3)
ĉk31
(3)
ĉk41
(3)
ĉk51

606.9384

-1120.0537

785.4244

-252.0248

41.9427

10.208

185.4334

-322.1284

206.3402

-58.3289

-107.4016

-113.664

852.5394

-1556.6422

1075.2962

-338.6557

53.4414

11.609


KY πY SR (r)  q
+
+c
+ r − E(X) .
q
q
2
(7)
In this formula, K is the ﬁxed cost per order, Y
is the annual demand, c is the unit holding cost
per year, and π is the stockout cost per unit.
The terms are the annual ordering, stockout,
and holding costs, respectively. The third term
assumes the ﬁrm holds an average safety stock
of R − E(X). The shape of the distribution for
X enters the model via the expected shortage
per cycle SR (r). This is approximated as
 ∞
(x − r) · fˆX (x) dx
(8)
ŜR (r) =

0.15

T C(q, r) =

r

where fˆX (x) is an approximation to the lead
time demand (LTD) distribution.
4.1

Uncertain Demand

Das (1983) presents an approximate method
for ﬁnding a (Q, R) policy where LTD is lognormal. Presumably, an approximately lognormal PDF for LTD could be the result of demand per unit time for a ﬁxed lead time being log-normal so that LTD is a sum of lognormals that can be approximated using the
FW method. In other words, Das presents results that can be used to ﬁnd an approximately
optimal Q and R after σX and μX from (3) and
(4) have been determined. The test cases in Table 2 are used by Das, with K = 30 in each case,
π = 5 for Cases 1 and 2, and π = 6 for Case 3.
Das speciﬁes the values in the μX and σX
columns of Table 2. The values in the μX and
σX columns are calculated assuming that lead
time is ﬁxed at L = 5 and that LTD is the i.i.d.
sum of L = 5 one period demand values that are
2 ). The
log-normally distributed as LN (μX , σX


0.10

0.05

20

40

60

80

100

Figure 2: MTE approximations and actual lognormal PDFs for the Das (1983) test cases.
QD and RD columns contain the approximately
optimal solutions obtained by Das.
To use the MTE approximation to ﬁnd optimal Q and R for the three test cases, we approximate the three log-normal PDFs with μX and
σX shown above using the process from Section 3.4. These three MTE distributions are
shown in Figure 2, overlaid on the actual lognormal PDFs. The function with the largest
mode corresponds to μX = 1.6 and σX = 0.8,
whereas the function skewed the farthest right
approximates the LN (2.3, 1) PDF.
Using the MTE approximations as the fˆX (x)
PDFs for LTD allows us to establish a closedform expression for ŜR (r) in (8). For example,
in Case 1, the expression is
ŜR (r) =
⎧
78381.9 − 429.776r + 0.809782r 2
⎪
⎪
⎪
⎪
+75472.7e−0.0101464r − 153835e−0.00776065r
⎪
⎪
⎨
17.2631 ≤ r < 27.1126
0.228577 − 0.00531733r + 0.0000306374r2
⎪
⎪
⎪
⎪
−1582.93e−0.117546r + 1601.78e−0.117187r
⎪
⎪
⎩
27.1126 ≤ r ≤ 90.0171 .
(9)
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Case
1
2
3

Y
400
100
300

μX
2.7
1.6
2.3

Table 2: Parameters and solutions for the Das (1983) test cases.
σX
0.6
0.8
1

μX
0.69
−0.54
0.06

σX 
1.07
1.30
1.50

h
4
2
3

(Q∗ , R∗ )
(90.0,24.8)
(62.0,8.1)
(105.4,23.7)

Once the ŜR (r) expression is established we
use it to approximate T C(q, r) in (7), and we
can subsequently ﬁnd the values for Q and R
that minimize TˆC(q, r). We perform this optimization in Mathematica 8.0. All computations
were done on a PC with 16GB of memory and
an Intel Core2 Duo 2.93 GHz processor.
For comparison purposes, a simulationoptimization technique is employed to ﬁnd the
“exact” solution. Using Oracle Crystal Ball
software’s tabu-search driven OptQuest tool,
this approach tests numerous possible values
for Q and R. Demand is simulated for each
day, then total cost is calculated by computing
shortage cost as Max{0, R − X} · (πY /Q) on
each simulation trial. To ﬁnd an accurate solution, we used 10,000 trials to test each selected
(Q, R) combination and ran OptQuest for several hours. For Case 1, the exact solutions are
determined to be Q∗ = 90, R∗ = 24.8. The
expected total cost using a longer simulation of
1,000,000 trials with the optimal values is 390.7.
To judge the eﬀectiveness of the MTE approach versus the exact solutions, the cost differential used by Heuts et al. (1986) can be
calculated as
T C(QM , RM ) − T C(Q∗ , R∗ )
.
T C(Q∗ , R∗ )
(10)
This expression uses the MTE solutions, QM
and RM , and simulates the expected total cost
calculated over 1,000,000 trials. Thus, HD measures the error that occurs when the MTE solutions are employed as an approximation to the
true solutions. The HD cost diﬀerential is calculated similarly for QD and RD .
Solutions found in all three test cases deﬁned by Das are shown in Table 2 (M and
D subscripts correspond to the MTE and Das
methods, respectively). Computing time for
the MTE method, CTM , is also reported. Das
does not report computing time required to obHD = 100% ·

(QD , RD )
(89.7,25.8)
(61.9,9.5)
(104.7,25.5)

(QM , RM )
(88.6,25.2)
(60.7,8.6)
(95.8,26.0)

Quantity (Q)

Holding
Cost (H)

HDD
0.03%
0.24%
0.05%

Reorder
Point (R)

HDM
0.05%
0.00%
0.18%

CTM
1.4s
1.5s
1.3s

Lead Time
Demand (X)

u0

Figure 3: Inﬂuence diagram model.
tain solutions using the analytical method, but
does state that they are about 20% of that required for an iterative method due to Hadley
and Whitin (1963). Actual computational times
for the Das method are likely negligible.
The Das solution has a lower HD in two cases,
whereas the MTE solution is more accurate in
the second case. In summary, the MTE method
performs comparably with the Das method and
the simulation-optimization method for these
problems and uses minimal computation time.
4.2

Uncertain Demand and Holding
Cost

Another motivation for approximating the LTD
distribution with an MTE potential is to use
IDs designed for decision-making with continuous variables. In such models, the functional
form of the PDFs and utility functions must be
such that the mathematical operations of addition, multiplication, and integration maintain a
closed-form result that can be used in further
calculations.
Suppose that we have a problem similar to
the Das Case 1 example, but that holding cost
is a RV because the company ﬁnances inventory
purchases with a variable interest rate line of
credit. Before each order, the company knows
the true current holding cost and can adjust its
order accordingly. The ID model for this problem appears in Figure 3. Chance, decision, and
utility nodes appears as ovals, rectangles, and
diamonds, respectively.
The utility function in the problem is
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u0 (q, r, h) = − K
Y · g1 (q) − π · Y · ŜR (r) · g1 (q)
−g2 (h) · (0.5 · g3 (q) + g4 (r) − E(X)) ,
(11)
where g1 (q) = 1/q, g2 (h) = h, g3 (q) = q, and
g4 (r) = r. This is similar to T C(q, r) in (7),
except that negative signs have been placed in
front of each term and holding cost is now a RV.
The utility function is not explicitly a function
of X because the term SR (r) is created by integrating out X. We include X in the graphical
ID to emphasize that the PDF for X aﬀects the
total cost through ŜR (r). The computation that
creates the function ŜR (r) becomes a marginalization operation for X.
The LTD distribution is the same MTE distribution used in Section 4.1 for Case 1. Holding cost, H, is N (4, 4/9), and is approximated
with an MTE distribution (Cobb et al., 2006)
on the interval [2, 6]. u0 is replaced with an
MTE utility function, u1 , by approximating
each function g1 , . . . , g4 with an MTE potential, then combining the result. For example,
g1 (q) = 1/q is approximated with an MTE potential ĝ1 (q) = 0.0059 + 0.0452 · exp (−0.024q)
by ﬁnding constants that minimize the mean
squared error (MSE) between g1 and ĝ1 as follows:
2
 qmax 
1
ArgMin
− a1 − a2 exp (a3 q))
.
a1 , a2 , a3 qmin
q
The values qmin = 63 and qmax = 110 are logical
lower and upper bounds for Q because values
minimize total cost at expected demand at H =
2 and H = 6. The other functions are similarly
approximated.
The expression in (9) for ŜR (r) can be easily approximated by an MTE function. We
ﬁnd g5 (r) = −0.0011 + 20.8 exp (−0.0961r) as
the function that minimizes the MSE between
ŜR (r) and g5 (r). When the results of the constants in the problem and the approximations
to g1 , . . ., g4 and ŜR (r) are combined, the result
is an MTE function (Moral et al., 2001).
To solve the ID, the variables are deleted in
the sequence X, R, Q, H. This example uses
the algorithm (Cobb, 2010) that facilitates the
determination of a piecewise-linear decision rule

for a continuous decision variable with multiple
continuous parents. In this case, removing R
requires that we determine a decision rule for R
= f (q, h). The actual values of Q and H will be
known when choosing R.
This decision rule is
θ̂⎧1 (q, h) =
−4.658h − 0.135q + 56.995 2.0 ≤ h < 2.5
⎪
⎪
⎪
⎨ −4.658h − 0.129q + 56.462 2.5 ≤ h < 3.0
..
⎪
.
⎪
⎪
⎩
−3.593h − 0.097q + 47.919 5.5 ≤ h ≤ 6.
As Q increases given an established H, the optimal r should be set to a lower value. We divide
ΩH into 8 regions to allow the slope of the piecewise linear decision rule to change for a given
value of Q as H increases. We could use more
regions to improve accuracy, or fewer regions
to speed up the solution process. To complete
the elimination of R, we calculate u2 (q, h) =
u1 q, θ̂1 (q, h), h . The result is an MTE potential because we are substituting a linear function
for R into the MTE potential u1 (Cobb, 2010).
Applying the decision variable marginalization procedure when a variable has only one
continuous parent, as in the case for Q, results
in a piecewise linear decision rule as follows:
θ̂2 (h) = 131.631 − 10.6818h for 2 ≤ h < 3.4,
θ̂2 (h) = 126.043 − 9.03846h for 3.4 ≤ h < 4.05,
and θ̂2 (h) = 119.18 − 7.34375h for 4.05 ≤ h ≤ 6.
Suppose we ﬁnd before placing an order that
H = 4. Since θ̂2 (4) = 89.9, we should order
Q = 89.9 units. Since θ̂1 (89.9, 4) = 26.3, we
reorder with R = 26.3 units remaining. The
expected total cost is 387.0.

5

Discussion

This paper has established a process for estimating the distribution of a sum of i.i.d. lognormal RVs (a single log-normal RV is a special case). The procedure uses the FentonWilkinson approximation (Fenton, 1960) to estimate the parameters for a single log-normal
PDF that approximates the sum of log-normal
RVs. Once these parameters are determined, an
MTE distribution is determined to approximate
the PDF with μ = 0 and the FW σ 2 parameter. The method of convolutions is used to ﬁnd
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an MTE distribution that approximates that of
the sum of the log-normal RVs.
To reduce the tabular inputs required to implement the MTE approximation, the parameters (constants) required to approximate lognormal PDFs with μ = 0 and 0.05 ≤ σ ≤ 1
are stated as polynomial functions of σ. This
covers a range of likely values for the inventory
applications presented in the paper, and the FW
approximation has been deemed to be eﬀective
for these values of σ.
The MTE approach to approximating the distribution for LTD in an inventory control problem was compared to an existing approach to
the literature (Das, 1983). One advantage of
the MTE method is that a closed-form is obtained for the LTD distribution and the expected shortage per cycle. This advantage was
demonstrated when the MTE approximation
was subsequently used in an ID model to extend the analysis of the inventory problem to a
situation where holding cost is a RV.
Possibilities for future research are as follows.
First, the MTE approximation can be extended
to cases with larger σ 2 parameters to model applications in such areas as telecommunications
and risk analysis. Second, the FW method extends to the case where the component lognormal PDFs are not i.i.d., so the MTE approximation for a sum of log-normals could be
utilized in applications with sums of log-normal
PDFs that are not identical. Third, other approximations, such as the mixtures of polynomials approach (Li and Shenoy, 2012), could
be compared with the MTE approach. Third,
extensions of the ID approach to more complicated inventory problems can be pursued.
Acknowledgments
This research has been partially funded by the
Spanish Ministry of Economy and Competivity, through project TIN2010-20900-C04-02, by
Junta de Andalucı́a through project TIC-7821
and by ERDF funds.

References
N.C. Beaulieu, A.A. Abu-Dayya, and P.J. McLane.
1995. Estimating the distribution of a sum of independent log-normal random variables. IEEE

Transactions on Communications, 73(12):2869–
2873.
B. R. Cobb, P. P. Shenoy, and R. Rumı́. 2006. Approximating probability density functions in hybrid Bayesian networks with mixtures of truncated exponentials. Statistics and Computing,
16(3):293–308.
B. R. Cobb. 2010. Continuous decision variables
with multiple continuous parents. In P. Myllmäki,
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